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regular
EXPRESSIONS

Representing Regular languages
° DFA

o NFA
. X - NFA
° Regular expressions

Regular Expression
° pattern that contains a se ence of characters that is

matched against some text
9"

D Atoms
° what you are looking for
o where in the text

2) operators
° combine atom Ee operators - complex expression

Atones

CA) ⇒ 8 → LCA) = { A}

of → RE that denotes empty language C set)
L CO) = I }

HE → RE that denotes empty string
L CX) = { a}



Operators

R, and Rz - L
,
and L2

D Union Ct)
Rit Ra
- L , U L

z
Corder does not matter)

2) Concatenation C . )

Ri Ra - Li . Lz Corder matters)
L, followed by Lz

3) Closure (*)
KK - L

't co or more times)

4) Incomplete closure Ct)
Rt - Lt CI or more times)

Precedence

1) Brackets c)

2) Closure *
,

t /3) Concat .

4) Union t v

Algebraiclaws

Identity for operator
operator applied to identity 4 another value , result is
the other value



Question

construct RE over 8 -- Laib} that accepts a string
that starts with ab

L -- ab Catb)
*

Question

construct RE over 8 -- Laib} that accepts a string
that contains a substring ab

L = Catb)
*
ab Catb)*

Questions

construct RE over 8 -- Laib} that accepts a string
that ends with ab

←
concatenation;

L = Catb)to ab
dot not req .

Question

RE that ends with ab or ba

L -- Catb)
*
Cab tba)



Questions

RE
,
starts q ends with same symbol E -- Caio 's

case 1 : a wa

or

case 2 : b- b

a catb)
*
a t beatb)

*b

Questions

RE
,
8 -- Laib}

,
starts Ee ends with diff symbols

L= a catb)* b t blatb)
*
a

Question

third symbol from the start is a cleft)

L= Catb) Catb) a catb)
*



Questions

2nd symbol from right (end) is a

L= Catb)
*
a catb)

Question

3rd symbol from right (end) is a and 4th symbol
from right lend) is b

*
L = Catto) ba catb) Cat b)

Question

At least one a and at least one b

L -- Lab .ba . . .
}

Catb)
*
a catb)

* bcatb)# t Catb)
*
b catb)*a catb)

*

Question

At least one a in the first 3 symbols and at least

one b in the last two symbols

min length : 3
,
but we take 5

@aCatblCatbDtCCatb3aCatbDtKatb7Catb3aD-Catb5t.r
[Cat b) btbcatb)]



Question 12
-

length is exactly 2 ,
S -- La

,
b}

L = Catb) Cat b) ④ Catb)
2

Question

Iwl 22
,
WE { a ,b3*

L= Cat b)
'

catb)*

Question

(WI E 2
,

W E E
't

,
E -

- La
,
b}

1=17
,
Catb)

,
Catb)

2 }

L -- Xt Catto) t Cat b)
'

④

L= Cxtatb) (Xtatb)

L = Cat atb)
2



Genericeelengthslwl
= n

,
I = Cat b)

n

(WI In
,
L = Catb)

n

Catb)
*

IWI En
,
L = (Xtatb)

"

Question

IWI mod 2=0

L -- ( cat b)2)
*

Question

(w/ mod 2 = I

L= (atb) flatb)2)
*

Question

Iwl mod 3=0

L -

- (catb)3)
*

Question

(WI mod 3=2

F- Cat b)
'

( catb)3)
*



Question

L -- f naCw) -- 2 , WE {a ,b}
't }

L = b
't
ab
*
a bit

Question

L-- { naCw) 22
,
WE {a , b3*3

L -- Catb)
*
a catb)* a catb)

*

Question

L-- f naCw) C-2
,
WE { a ,BT

't}

b't Cat X) b't Cat x) b
't

Question

naCw) mod2=0

(b't ab*a bit)* t b't

Questioned

*
naCw) mod 2 = 1

(b*ab*ab*)*b*a bit



Question

*
nalw) mod 3=0

b*Cb*ab*ab*ab*)*b* or (b*ab*ab*ab*#+ bit

Questions

nalw) mod 3=2

(b't abtabxab.tt#b*ab*ab*

Question note : anton : impossible as DFAIRE

L -- { anbmlntm is even}

even a 's even b 's
odd a 's odd b's

Caa# Cbb)* + Canta (bb)*b

Question
m

f- Lamb
'

In ,
m 21 }

t t

Caa) Cbb)



Question

f- Lanbm In ,mzl , product In,m) 23 }

No . of a 's No . of b's 2 3

case 1 1 23 23

Case 2 23 1 23

Case 3 12 22 23

*

aabbbb
't
t aaatbbb't t aaaattbbtt

Question

L = fan bm In 24
,
ME 3 }

Aaaaa
't ( Xtbtbbtbbb)
or

aaaaa't CxtbP

Question

f- { anbmcklntm is odd and k is even }

@a)
*

a Cbb)
*
Ccc# t Caasttcbbsttb Ccc)'t



Question

L -- fan bmch ) n E 4 , m22 , KE 23

Cata)
4
Cbb) b

't
(Xtc)
'

Question 32 6
-

÷.

L -- Laba , as, abat , a
"

,
aba
" }

÷
Caba + a5) Cast

Questions

L -- f UVw/ u ,v ,w E Laib 's
't

,
Iul -- 2

,
IWI -- 23

(atb)
'

(at b)
*

Catb)
2

Questions

f- { w/ Iwl divisible by 2, not by 3 }

(catbit Cath
"

) (catb)6)
*



Question

Even no
.
of a's followed by every odd b's

L -- Caa# b't

Questions

Begin with at least 2 a 's , end with even b's

Aa catb)
*
(bby
't

Question

Accepts binary string such that if dec . eq. of the

* no
.
is even then the length of the string is even

,
if dec . eq is odd then length of string is odd

(coth
'

) +DO t (coth'T
't

I

Question

E- { Binary string whose decimal eg . is twice an odd no}

*
2x odd Det Bin
271 2 Tiz ends with
2×3 6 (110 ) 10

2×5 10 4010) L
2×7 14 (111012

(0+1)*10



Question

Bin string that does not have 2 consecutive Os

( 11*0)
#

t ( o l l
't)
*

t l
't
t 01K

Question

Exactly one pair of consecutive Os

(011-1)*00 ( lot 1)*

Question

No consecutive a's and bs

( b TX) @b)
* Catx) t Cata) Cba#Cbt X)

Question

what is L for Catbttaa Catb)*

strings with at least one pair lad



Equivalehceofthegularexpressions

FA RE (X - NFA)

ro
Thompson construction method : RE→ FA

o State elimination method : FA → RE
° Kleene 's theorem

REtoFA

o RE to X-NFA

D RE accepts empty language 0

no connection

→⑨ ⑧

for E -- la , b}

9lb

⇒



DRE accepts x (empty string)

→⑤ →④

3) RE is single symbol a

→⑥to

Without loss of generality,

R , and Rz

union R
, t R2

a:*: :* ¥¥
UNIT

for > I FS

R
,→

O

r.→ g¥@



""

eg
: catb)

R . @

coNCATENATNN#

intersection

R
,

RL

R , Rz ( concatenation)



eg : cab )

R
,

Ra

→⑥

RE

R't → LY = Live ,
'

U l? U
. . .

→ n
't

✓ for 4
't

b



Question

convert Coto1)
*

using Thompson method

for O
→④

for 01
→④

for @ to

'#



Question4

ab't

→

Questions

cab)
*

→

Question

cab t bat
't -9

→ ::
nd

→

b f) a
⑥

Question

0*-1 I
*

tz*→
' " 2



Question

R ,CaaHCbb3*tacaaHbCbb)# Rr

→ a, →④±④
Raffa f) b Rr Ib
⑥ ④

Rit Rz

y
'# a,

→④ alfa f) b
X
.

@ ④

after bfJb
④ ④



Question

4-1017*00 Clt lost

9,4 93

Question

COTXXHX) ( 1+23*0 c2tD*

→@
Questions

((atbtc) c)
*
Catbtctx)

→④
C ( Jaba
④



Question

bCatb)
*
a

→@e.a8Ias.o.o
Questions

catb)
*
ab Catb)

*

Questions

(b t ab* a b't )*

081.01g
'



FAILE

State reduction, state elimination method

° Do not eliminate start g final state
• Start state having incoming edge , introduce new

start state
,
make transition from Nss

° Final state having outgoing edge , introduce new

final state
• Multiple final States

,
introduce new single FS

.

Questions

a

→b
→①→④
c-

(atbtc)

Questions

b

a

① e-⑥
abite



Questions

too

but Cabtcsttd or (beta#bid

Questions

→

←
ni

→⑤ → citacbatatds
't



⑧

→so

ni d

→①to
0
ad'tb I

Cad
*btcYt ad*

Questions

⇒

→

d



'

d

→so ¥2
'

x.¥ A

(0*11*-1 0*-1 x) = 0*+0*11
*

Question

→④

÷.



¥
→so

If fo

%
→ ⑤

¥

(01 + IoT



Question

is
'

yo its
"""""

1
o Ho

n
.

→⑤
It otto f Ll

r



→⑤

§ to 1*7+01't

ICH01*0)
01*0

(01*0-1 I ( Ito Ho))
't

C l Cheol
't) to it)

Question
a

→

ftp.fts
←



¥
→so

f) b bf ) b
⑦ ④

¥
→⑤

a

ft une.

④



¥
→so

batab

aa

¥
→⑤

fab +baxbbtaattcbatab)

(aatbbt [ Cabt ba) ( bbtaa)
*Cab tba)))

*



Equivalenceofke

Examples

Question

0*+0*114 = 0*4+11 't)

OHCX -111*7 = 0*4-111*7

0*4+1-1 ) = o
't Cat It)

OH Itt = OH ,*

Question

( I-100*17-1 ( I -100*1)Cot 10*17*(0410*1) is

equal to 0*110+10*1 )
#

( I-100*17 t Cl -100*1)(Ot 10*17*(0410*1)=0*110+10*1 )#

CHOO
* 1) ( Xt (0+10*17*10 -110*1)) = 0*1 Co -110*1)*
( I -100*1) ( Xt (0+10*15) = 0*1 Cot 10*1 )

't

( I -100*1) ( 0-110*1)* = OH (0+10*1)'t

(X -100*71 (0+10*1 )* = OH (O-110*13*0*1
( O -110*1)* = OH (0+10*1)'t



Formalmethod

. Convert RES to NFAS
,
then to DFAS

,
then compare

equality using table filling algorithm

Questions

(Otl# Lott) and atx) (HOH

O
, I

→ → no

a
" t

→ →①

'

0,1
t

0,1

a a
→ →



Regularexpressionsinpracticee
Practical / real life strings

• pan card no
,
aadhaar card

,
date -2020

,
email

. packages in Python Cre)
,
Java etc .

° practical symbols / special characters meta characters

characters

D dot C . ) - period operator
. matches a single character, no matter what
that char is

, except newline

e

eg: a.
← any char follows a

2) Star Cit)
• preceding character 0 or more times

. eg :
att la , a , aa , aaa . . . }

3) Plus Ct)
- preceding char one or more times

.

eg : at { a
,
aa

,
aaa . .

. }

4) Question mark C ? )
• preceding character upto one time

-

eg : ay? z { ayz,
see}



5) Square brackets CCI) - character class
c range specified in [ I
• matches a single character in a

o

eg :
Cx y 23 x or y or z

[ O -93 O or I or . . . or 9

[ a- z A -Z O - g ]

6) Capt carrot symbol C
'

)
d) anchor for the start Cstarts with)

o

eg :
- abc

, string starts with abc

in negation
°

eg : [
'
abc] except a or b or c , any symbol

(could be xyef . . .)

7) Dollar ( $)
• anchor for the end (ends with)

. eg: efg$ ,
ends with efg

Note : is : empty string
8) Curly braces C Em

,
n })

• repetition from m to n times

. eg : a{ 2,43 a 2,3 or 4 times



°

eg : alo , } →
at

all
,
} → at

a 12,33 → aa or aaa

a 123→ aa

Pancardtvumber

° 10 characters
• first 5 chars

, uppercase from
A to 2

! next 4 chars
, any digit from 0 to 9

last character
, any uppercase letter

regularexpression
,
can be id

D YA-23153 CO -93143 CA -23$

2) ^ CA -2] 153 Id 143 CA -23$

Indianmobileumber

° 10 digit number
° starts with 9

, 8,7 , 6
. next 9 : from 0 to 9
• optional 0 or +91

or
←

[01-191] ? [6-9] CO -9319 }



Aadhaarnumbe.ro
12 digit number

• Space after every four digits
• first digit is not 0 or I

[2-9] CO -93 (3) is [ o -93143 IS CO -97 143

Dateintheyear2

I 3 5 7 8 10 12

31 days - Jan , Mar , May , July , Aug, Oct , Dec
30 days - Ator, Jain , Sdp , Niv
29 days - Feb 2

old-mm -yyyy or ddlmmlyyyy or old .mm . yyyy

[ doll - 93 / Cio -3D) [/ - . ] ( OC 1357831 I [023)) /

(COLI -931 Clo -303) 4- . I (OC4693111)) I

(C OCI -931 Clo -293) 4- . ] CO2))) - 2020$



Emailaddress

personal - info@ domain -name Conly . com Ee . org)

[a-2 A-2 I -9 . - It@ ca- 2 A-2 I -9 - ] . [com)org]

Grammars

G-- IV
,
T
,
P
,
S }

V-- set of variables (non - terminals) → capital estates)

T -- set of terminals (symbols in the alphabet , end string)

P -- production rules (rules of grammar)

P CL → B)
t ↳ striaOreg (Vu⇒

*

non -

terminal

s = start symbol →⑤

D linear grammar

tipLHS RHS

at most one non -terminal at the RHS of the

production

s→ asb IbbySalay Haa



a) Non- linear grammar
no restrictions

s-oasyassb.lk/Sa/ABRegularGrammarcLin-earGrammar
cis left linear Grammar

if non terminal is leftmost symbol
S → Sal x

is Right linear Grammar

if non terminal is rightmost symbol
S-i ask

AutomatatoGrammar-Right.ie

Question

L -- {a}
,
write RG for RE -- a

RG : ①IsS→ a

Question

L -- Iaaaa}
,
write RG RE = a't

RG : S → aaaa



Question

f- IX. a ,aa,aaa .
. . }

RE -- att

RG :

⇐ ask

eg : aaaa

Derivation

•⇒ as
⇒ aas
⇒ aaas
⇒ aaaas
⇒ aaaax

Question

F- La ,aa . . } RE -- at

RG : s → asta = at

eg: aaaa

s ⇒ as
⇒ aas
⇒ aaas
⇒ aaaa



Question

cat b)
→⑤

s → al b

Question

ab

s→ ab
→⑤

s→a A

A → b

Question

abt
→⑤ to

b

s→ aAIX
A → b Al b

Question
a

cab#
→④JOB

s→ aAl X b

A→ b s



Question 74
-

fait

Cath
't ④
Sasaslbslx

Question

Catbt

s -saslbslalb

Question
by

abtba ③
s blba lbs

s→aBlbD
B. → b

1) → a

Question I
,

( abeba)* ⑤¥

↳ abslbaslx
a b

OR ③
s→aAIbBlX
A-→ bs
B→ as



Question 78
-

a b
att b't f D

s → as la ⑧
A→ b A IX

eg : aabb

s ⇒ as
⇒ aas
⇒ aa A
⇒ a a BA
⇒ aabb A
⇒ aabbx

Question

(abt b.a)
t

s → abs / bas lab ) ba

Question

L-fanbmcn.ms 173 ; RE = atbt
a b

s→ as la A a b
A → bat b ⑤a→①b→⑤



OR

S→aA

Esg :L :B so

Question

f- { atleast one at

(atb3*aCatb¥
a ,b a. b

s→ aslbslaa Q R
A- → AAIBAIX ④#①

OR

bttacatb)* b ails

a na

s → bslaa ①#④
A → AAIBAIX

Question

Binary even no
. = @tD*O

a
"

s -70511510 ①



Derivation using tree

d) Accepted

01010 ÷:

dis Rejected

01011 (
OS

"
÷: ¥

I yield@
of = 01010

"""

"

799¥
.



Questions

f- lnacw) mod 2=0 and nbcw>mod 2=0}

S→aAlbB1x
↳

A- → as Ibc

B→bSlac b( Lb b( Lbc→aBlbA

④ ④

Parse tree

baaba

"""



Question

F- { abw
,
WE {a ,b3* }

a ,b

start

A → b B

B→ ABIBBIX

Questions

L= Lawa ,wElaib3* } a,b
A
a

④ ④
£IaaaFbma

③→

bf
④
U

Grammar to Automata
"b

b
aib

Question 0 A

s→bS1aA
③→①→a⑧

A-→ aAIBA lab bff
B→bbB

OB → X



Question

£39673 SO
B -70A 111

Question b b b

Q D O
A- → ABI BA lb ⑦a→③
BE:a4bBaa

Parsing
Parsing is a process of determining whether a string
WE LCG)

1) Top - down parsing 2) Bottom - up parsing

as it
O O O o P
E Eto Torii



Parsing from Right linear Grammar→ Rightmost derivation

s → Os lls I 0
1010

s
'
IS

( s → os)
⇒ IOS

( s→ is)⇒ 1015
( s -70)

⇒ I 010

parse tree

⑤
skewed to

①
I l⑤ the right

yield ④/l⑤
= ""

④Ago
⑧



Question

write derivation g parse tree

s→ AaB

B→ ABI bbb E string -

- aaabbbb
E →BE IX

s AaB
⇒ aa AB
⇒ aaabbBE
=) aaa bbb BE
⇒ aaa bbbb

Parse tree

⑤

aat !⑤
at t⑤
bbb

!

b

t

¥



Leftlinearlrammar

Question

RE = a

RLG LLG
s→a s → a

Question

Atb

RRG LLG

s→ alb stalls

Question

ab

RLG LLG

s → AA s → Ab
A → b A→ a

Question

att ru, LLG

s → ask St Sal x



Question

catb)*

RLG LLG

S→ as Ibs Ix s → Sal Sbl x

ConvertRLGtoL

• if converted to RLG by switching positions ,
reversal of language

o steps

finite automata
for L

finite
+
automata

for LR

de

RLG for LR
to

LLG for (LRT -
-
L



Question

A-→ aB

B → a B l BB l X

L-- { starts with a }

automata

fab
→⑦→④

reversed automata

fab
←

write RLG

B→ ABI bBl AA
A → X

convert to LLG

B→ Ba l Bb I Aa
A- → x



convert LLG to finite automata

1) swap (make RLL, of Lr )

2) Make automata

3) Reverse

Question

B→ Bat Bb I Aa
A- → x

convert to automata

RLG of LR

B -7 ABI bBlatt
A-→ x

automata

Naib
→④⇒

reversed

Naib
④③E①←



Parakeets

B→ Ba l Bb I Aa
A- → x

Abaab

⑧
it
⑤ ⑤

⑧
t to

⑧
I tag ied

¥
.



Properties of Regular Languages

I . concatenation
• if 4

,
L
,
are RLS

,
4 - Lu is RL

2 . Union
• if Li

,
Lz are Rls

,
4 U Lz is RL

3 . Closure
° if L is RL , L

't is RL

4 . Reversal
• if L is RL

,
LR is RL

5. complement
• if L is RL , I is RL
° change FS → NFS 4 NFS → FS
• only on DFA

6- Intersection
° Li Ee Lz Rls

,
4 A Lz RL

. Cartesian product) cross product

. Using De Morgan's Law

. only if accepted by both (both final States)

7. Set difference
. strings in L, and not in L2
e cross products



Decidablepropertiesofregu-aranguag.es

D testing emptiness
° is given RL empty
° no path from qs to F -

- { . . . }
• x is a valid path; not empty L
° if grammar is non- producing

2) Membership
°

given a string w, check if it belongs to the
language or not

3) Finite) infinite
° loops : infinite

4) L = g*

; accepts everything
find complement of language and check if it

accepts nothing
5) 4 = Ln

• construct DFAs and minimise



Pumping lemma

. check if language is regular or not

° When impossible to convert language to DFAINFA :
not regular

. languages are finite or infinite (* → infinite)

. finite languages are always regular

. a*b* is infinite
, regular

Question

show that L -- Canton} is irregular

pigeon hole principle
divide string into MY 92

n → pigeons
m → pigeon holes

if no . of pigeons > no
.
of holes

,

one hole will have > 1 pigeons

Ixyl En ly121 2

n n
a b

b d

xy 2

aa.ae#aybbzbwbb
if y

-
- 2
, lang

not regular



Question

w/ equal no - of O 's and Is

bad choice : CoD
"

good choice : on In → irregular

0011
Tye

x y 2

O O 11
i to

011 X

i = I

0011 → bad
eg

i -- 2

00011 X

Question

Palindrome

anbmbman WWRIW Ela,bI*

Assume n States in machine



Assume WWR is regular

D an b b an

Heyl En

an l b b an → ay 2
w -

xy 2

n -- 3

aaalbbaaa
¥8
xyiz lyl 21

i =/ → bad choice

i -- 2

aaaabbaaa ¢ L



Revision- Regular Expressions

Question I

write RE for L -- l w/ W -4000 , {0,13*1

( w/ =3
,
WE 000

Iwl S3 or Iwl > 3

A tot It Cott)'t

001 t 010-1011 -1100-1101-1110-1 Ill T

(Otl)
"
(otD*

Question 2

All strings w such that in every prefix of w , the no . of

O's and I's differ by at most 1 .

(01-110)*4 -10+1)

Question 3

At least 2 o's and at least one 1

O (Otl)# O (0+1)*1 Cott# t
I (01-1)*0 COTDKOCOH)

't
t

OCOTDKICOTDHOCOTD't


